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Penrose Tiling: Milestones

• Circa 1200 AD, Fibonacci (Leonardo of Pisa)
Rabbit Sequence, Fibonacci Numbers

• 1619, Johannes Kepler
Harmonice Mundi, 5-fold Tiling Problem

• 1974, Sir Roger Penrose
Pentaplexity, Penrose Tiling

• 1984, Dan Shechtman et al.
Discovery of Quasi-Crystals

Diffraction
Pattern
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Penrose Tiling
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Symmetry
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Monohedral Tiling with 
Translational Symmetry



14

Monohedral/Polyhedral, Isohedral Tilings



15

LAVES TILINGS
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Non-Periodic vs. Aperidic Tiling
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aperiodic tilings

RobinsonTiling

Penrose Tiling

WangTiling
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Penrose Tiling: Milestones

• Circa 1200 AD, Fibonacci (Leonardo of Pisa)
Rabbit Sequence, Fibonacci Numbers

• 1619, Johannes Kepler
Harmonice Mundi, 5-fold Tiling Problem

• 1974, Sir Roger Penrose
Pentaplexity, Penrose Tiling
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Penrose-based Sampling System 
[SIGGRAPH’2004]
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Problem Statement

high

low

Given: 
• Importance Density  

I(x,y)
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Given: 
• Importance Density  

I(x,y)

Problem Statement

high

low

Find: 
• Discrete Sample Distribution 

Locally Proportional to I(x,y)
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Given: 
• Importance Density  

I(x,y)

Problem Statement

high

low

Fourier Fourier 
SpectrumSpectrum

Find: 
• Discrete Sample Distribution 

Locally Proportional to I(x,y)

• With Blue Noise Fourier Spectrum
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Variance estimation in Monte Carlo 
Sampling and Blue-Noise Spectrum

[Ulichney 1987]



24

Variance estimation in Monte Carlo 
Sampling and Blue-Noise Spectrum
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Quality vs. Speed
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Penrose Tiling:  A Primer
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Penrose Tiling: 
Definition by Production Rules
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Penrose Tiling:
Definition by Production Rules

Iteration N
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Penrose Tiling: 
Definition by Production Rules

Ref: “Tilings and Patterns” by B. Grunbaum and G.C. Shephard

Iteration N+1
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Penrose Tiling: Vertices

Iteration N
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Penrose Tiling: Vertices

Iteration N+1
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Sampling System Fundamentals
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Sampling System 
Fundamentals

•  Extension to Penrose Tiling

•  Fibonacci Number System

•  Adaptive Subdivision

•  Corrective Vectors Lookup Table
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Extension of Penrose Tiling

Original Our Extension
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Extension of Penrose Tiling
a

b
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d
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Extension of Penrose Tiling
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Fibonacci Number System
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Fibonacci Number System
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Fibonacci Number System
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Fibonacci Number System

• Binary Number System:

• Fibonacci Number System:

• Fibonacci Numbers:

Ref: “The Art of Computer Programming, Vol. 1,” by D.E. Knuth
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Fibonacci Number System
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Binary Number System Fibonacci Number System



51

Fibonacci Number System

Pentagonal
 Tiles Only
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Fibonacci Number System

Iteration 5Iteration 4
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Fibonacci Number System 
Thresholding

Thresholding at value = 50F-codes, in range [1..376]
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Fibonacci Number System 
Thresholding

F-codes, in range [1..376]
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Thresholding at value = 100
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Fibonacci Number System 
Thresholding

F-codes, in range [1..376]
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Thresholding at value = 200
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Adaptive Subdivision

Non-adaptive Adaptive

Importance 
Density Function
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Adaptive Subdivision

Importance Density Function
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Adaptive Subdivision
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Adaptive Subdivision
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Corrective Vectors
Lookup table
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Corrective Vectors
Lookup table
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Corrective Vectors
Lookup table

Before Correction After Correction

Motivations – Penrose Tiling: a Primer – Sampling System Fundamentals – System Summary – Results – Conclusions 



63Motivations – Penrose Tiling: a Primer – Sampling System Fundamentals – System Summary – Results – Conclusions 

Offline Lloyd’s Relaxation: 
init pts + basis frames
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Offline Lloyd’s Relaxation: 
init pts + basis frames
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Offline Lloyd’s Relaxation: 
iter 1
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Offline Lloyd’s Relaxation: 
iter 2
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Offline Lloyd’s Relaxation: 
iter 3
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Offline Lloyd’s Relaxation: 
iter 4
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Offline Lloyd’s Relaxation: 
iter 5
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Offline Lloyd’s Relaxation: 
iter 6

Motivations – Penrose Tiling: a Primer – Sampling System Fundamentals – System Summary – Results – Conclusions 



71

Offline Lloyd’s Relaxation: 
iter 7
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Offline Lloyd’s Relaxation: 
iter 8
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Offline Lloyd’s Relaxation: 
iter 9
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Offline Lloyd’s Relaxation: 
iter 10
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Offline Lloyd’s Relaxation: 
iter 11
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Offline Lloyd’s Relaxation: 
iter 12
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Corrective Vectors Lookup Table
Lloyd’s Relaxation: iter 12
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Corrective Vectors
Lookup Table
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6 most-significant bits in F-code

Corrective Vectors Lookup Table
Structural Indices ( is )
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Corrective Vectors Lookup Table
Structural Indices ( is )

F-code:
00100000000010

6 most-significant bits:
00100000000010

Decimal value: 5
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Corrective Vectors Lookup Table
Structural Indices ( is )

is=5
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Corrective Vectors
Lookup Table
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Corrective Vectors Lookup Table
Importance Indices ( iv )
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Corrective Vectors Lookup Table
Importance Indices ( iv )
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System Summary
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System Summary
Sampled density function
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System Summary
Adaptive subdivision
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System Summary
‘Sampling’ tiles
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System Summary
Threshold with F-codes
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System Summary
Threshold with F-codes
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System Summary
Corrective Vectors
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System Summary
Final Sampling
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Results
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Results
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Case Study:
Environment map sampling
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Results

Image credits: Paul Debevec
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Results
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Polyominoes-based Sampling 
System [SIGGRAPH’2007]
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Penrose tiling vs. Polyomino-based 
sampling

• Deterministic production 
rules

• F-code attributes: integers 
in Fibonacci Number 
System

• Structural indices: local 
geometrical neighborhoods

• Simple lookup table-based 
run-time algorithm

D
r
a
w
b
a
c
k
s

•Strong Residual picks in 
Fourier amplitude spectrum

•Structure not aligned with 
square grid

• Deterministic production 
rules

• Digital code attributes: 
integers in base 

• Structural indices: local 
geometrical neighborhoods

• Simple lookup table-based 
run-time algorithm

Advantages

• Less residual picks in 
Fourier amplitude spectrum

• Structure aligned with 
square grid

Penrose tilingPenrose tiling PolyominoesPolyominoes

Idem

Improve-
ment
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Polyominoes
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Rectifiable polyominoes
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Self-similar (   -rep) rectifiable 
polyominoes, or reptiles

9922-rep or 81-rep G-hexominoes-rep or 81-rep G-hexominoes
Area scaling factor      = 9Area scaling factor      = 922 = = 8181
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     -rep rectifiable polyominoes, or reptiles

Infinite planeInfinite plane

 Unique production rule

According to “Tilings and 
Patterns” [Grunbaum & 
Shephard ‘86]

• Fills the entire plane 
non-periodically 

• Self-similarity
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81-rep G-hexominoes

Infinite planeInfinite plane

Different neighborhoods

 Problem of finding Problem of finding 
geometrical neighborhoods 
(structural indices)structural indices)

Different neighborhoods
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Apparent Chaos

Different colors =Different colors =
Different neighborhoods =Different neighborhoods =
Different Different structural indicesstructural indices
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Finding structural indices
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Finding structural indices
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Finding structural indices
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Finding structural indices

Well-determined
neighborhoods
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Finding structural indices
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Optimization

Decomposition process:

• Production rules 

• Structural indices characterize local geometrical 
neighborhoods 

• Mapping of structural indices (finite number)

 Tiles with similar geometrical neighborhoods 
(structural indices) behave similarly
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Optimization I

Patch
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Optimization I

Subdivision
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Optimization I

Random dots
within each polyomino
Red: movable dots
Blue: immovable dots
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Optimization I

Relaxation
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Optimization I

Relaxation
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Optimization I

Relaxation
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Optimization I

Relaxation
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Optimization I

Relaxation
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Optimization I

Relaxation
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Optimization I

Relaxation
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Optimization I

Relaxation
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Optimization I

Relaxation
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Optimization I

Relaxation
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Optimization I

Black: final result 
    after 10 relaxations
Blue: immovable dots
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Optimization in two phases

• Optimization I: finding optimal 
position of the sampling point 
within each polyomino, for 
constant density

• Optimization II: ranking and relaxation

Ref: “The Void-and-cluster Method for Dither Array Generation” [Ulichney’93]
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Optimization II-ranking

81-rep G-hexominoes81-rep G-hexominoes
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Optimization II-ranking
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Optimization II-ranking
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Optimization II-ranking
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Optimization II-ranking
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Optimization II-ranking
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Optimization II-ranking
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Optimization II-ranking

High ranksHigh ranksLow ranksLow ranks
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Optimization II-ranking

Mid-octave:Mid-octave:
suboptimal distributionsuboptimal distribution

Low ranks: Low ranks: 
almost-optimal almost-optimal 

distributiondistribution

High ranks: High ranks: 
almost-optimal almost-optimal 

distributiondistribution
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Optimization II-relaxation
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Run-time pseudo-code
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Run-time pseudo-code
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Results – constant density
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Results – variable density
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Results – comparison with other 
methods
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Sampling on a sphere

HEALPix spherical mapping [Gorski et al. 2005]
• 12 Equiareal high-level quads 

• Jacobian-preserving mapping 
– Subdivision into equiareal quads

• Low distortion
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Sampling on a sphere

Pentominoes with two subdivision rules  

. . .

Square patches of 20 pentominoes on 10x10 squares  
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Sampling on a sphere

Pentominoes on 12 HEALPix quads 

10x10 grid 10x10 grid 
on each quadon each quad

20 pentominoes 20 pentominoes 
on each quadon each quad

20 pentominoes 20 pentominoes 
on a 10x10 squareon a 10x10 square
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Sampling on a sphere

Subdivision and optimization

Level 1Level 1 Level 2Level 2
(after one subdivision)(after one subdivision)

Level 2Level 2
(dots only)(dots only)
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Sampling on a sphere

An arbitrary importance (spot) function
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Further Improvement of the Spectrum
(WIP)
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Further Improvement of the Spectrum
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Building Blocks
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Building Blocks
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Building Blocks
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Building Blocks
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Building Blocks
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Ranking
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Results
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Results
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Results: Qualitative Analysis
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Future Challenges

• Reduce Memory Footprint

• Extend to Higher Dimensions

• Be Able to Build an Irregular Tiling System 
Approaching Required Spectral Properties 
(Penrose-like Tiling)
– Compact

– High (Or Without) Rotational Symmetry

– With Appropriate Number System
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Thank You!
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Space-Filling Polyhedra (Plesiohedra)
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