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What is Tiling?

Definition Tiling. A tiling is a countable collection 7 of tiles

that:
1. Every tile is a closed topological disk.

2. Every point in the plane is contained in at least one tile;
3. The interiors of the tiles are pairwise disjoint; and
4. The tiles are uniformly bounded.







Tiling in Architecture

38 ML EES e ace i




Tiling in Architecture

)




Architecture

N

Tiling



A1y, ]
B\ \\
i\

i

VA
A

_ ,Va i




Penrose Tiling: Milestones

Circa 1200 AD, Fibonacci (Leonardo of Pisa)
Rabbit Sequence, Fibonacci Numbers

WA L
2

1619, Johannes Kepler
Harmonice Mundi, 5-fold Tiling Problem

1974, Sir Roger Penrose
Pentaplexity, Penrose Tiling

Diffraction
Pattern

1984, Dan Shechtman et al.
Discovery of Quasi-Crystals
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SYMMETRY

Examples of figures in the Euclidean plane with cyclic or dihedral symmetry. Each

figure is labeled with both its orbifold signature and the name of the abstract group given by

1ts symmetries.
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MONOHEDRAL. TILING WITH
TRANSLATIONAL SYMMETRY

The features of a polygonal tiling. For the tile highlighted in blue, A is a shape

vertex but not a tiling vertex, B is a tiling vertex but not a shape vertex, and ' is both a tiling

vertex and a shape veriex. Because the tiling vertices and shape vertices do not coincide, the

tiling is not edge-to-edge.
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MONOHEDRAL./POLYHEDRAL, ISOHEDRAL. TILINGS

(a)

An example of an ischedral tiling of type TH16. A single translational unit of t

tiling is shown through the two translation vectors ¢ and %3 and the three coloured aspects



LAVES TILINGS

(3.12%)

The eleven uniform Fuclidean tilings

lso known as Archimedean tilings. The

tiling (3*.6) cccurs in left-handed and right-handed forms.
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Non-Periodic vs. Aperidic Tiling
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APERIODIC TILINGS
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Penrose Tiling: Milestones

Circa 1200 AD, Fibonacci (Leonardo of Pisa)
Rabbit Sequence, Fibonacci Numbers

WA L
2

1619, Johannes Kepler
Harmonice Mundi, 5-fold Tiling Problem

1974, Sir Roger Penrose
Pentaplexity, Penrose Tiling

Diffraction
Pattern

1984, Dan Shechtman et al.
Discovery of Quasi-Crystals
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Penrose-based Sampling System
[SIGGRAPH’2004]

Fast Hierarchical Importance Sampling with Blue Noise Properties

Victor Ostromoukhov* Charles Donohue " Pierre-Marc Jodoin *
University of Montreal University of Montreal University of Montreal




Problem Statement

Given:

* Importance Density
I(x,y)

high

low
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Problem Statement

Given: Find:
* Importance Density * Discrete Sample Distribution
I(X,y) Locally Proportional to I(x,y)

high

low
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Problem Statement

Given: Find:
* Importance Density * Discrete Sample Distribution
I(X,y) Locally Proportional to /(x,y

e

high
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low

*  With Blue Noise Fourier Spectrum
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Variance estimation in Monte Carlo
Sampling and Blue-Noise Spectrum

RADIAL FREQUENCY



Variance estimation in Monte Carlo

Sampling and Blue-Noise Spectrum

V(A) = /V (é(w)) (fri(—w))? dw |
< K > 3>

To appear in ACM TOG 32(4).

Fourier Analysis of Stochastic Sampling Strategies
for Assessing Bias and Variance in Integration

Kartic Subr* Jan Kautz'
University College London University College London



Quality vs. Speed

Weighted
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Quality vs. Speed

Weighted
Lloyd's Relaxatio I' Method
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Penrose Tiling: A Primer
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Penrose Tiling:
Definition by Production Rules

.
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Penrose Tiling:
Definition by Production Rules

- { A— {A B, A}

7DPen'rose L= I8 {A B}
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Penrose Tiling:
Definition by Production Rules
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. A— {A, B, A}
PPenrose = B — {A, B}
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Penrose Tiling:

Definition by Production Rules
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Penrose Tiling:
Definition by Production Rules
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Penrose Tiling:
Definition by Production Rules
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Penrose Tiling:
Definition by Production Rules
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Penrose Tiling:
Definition by Production Rules

lteration N

evw’v
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Penrose Tiling:
Definition by Production Rules

Iteration N+1

A
Prenase = 0 L3 Y gvﬂ’ﬁ?#é%’\nvé
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Ref: “Tilings and Patter
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Penrose Tiling: Vertices
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Penrose Tiling: Vertices
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Sampling System Fundamentals

Sampling System Fundamentals
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Sampling System
Fundamentals

Extension to Penrose Tiling
Fibonacci Number System
Adaptive Subdivision

Corrective Vectors Lookup Table

Sampling System Fundamentals
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Extension of Penrose Tiling
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Extension of Penrose Tiling

f
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Extension of Penrose Tiling
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Extension of Penrose Tiling
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Fibonacci Number System
€ —e
e — >3 )

- " e {bOO*}
/ 1|_>1 ; b* N {a’OO*}
A AA(I)-Z 73 \ < Cx — {f00*7 C].O*7 alO*}

dx — {€e00x, d10«}

ex — { f00%, C10%, €01, A10%}
. Ak

fx — {€00x> d10%> f01%5 @014}
AAE,P
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Fibonacci Number System

Ax {bOO*}

by — {aOO*}

cx — {foo%> C10%> @10+ }

d« — {egox, d10+}

ex — {f00%> C10%> €01%> A10% )
| fx = {€00%> d10%, fo1%> @01}
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Fibonacci Number System

Ax {bOO*}

by — {aOO*}

cx — {foo%> C10%> @10+ }

d« — {egox, d10+}

ex — {f00%> C10%> €01%> A10% )
[+ = {00+, d10x%, fo1%> @01}

\
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Fibonacci Number System

1001 0001

0001 1001
1001 0001

Ax {bOO*}
by — {aOO*}
cx — {foo%> C10%> @10+ }

d« — {egox, d10+}

ex — {f00%> C10%> €01%> A10% )
| fx = {e00% 10+ fo1x> a01x}
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Fibonacci Number System

Ref. “The Art of Computer Programming, Vol. 1,” by D.E. Knuth

Binary Number System:

m
n = (ambm—1-..0100)2 <= n= ) a;2/.
=0

Fibonacci Number System:

n = (bmbm—l b3bQ)F el Z
j=2

Fibonaccli Numbers:
F,=F,_ 1+F,_» {0,1,1,2,3,5,8,13,21,34,...}
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Fibonacci Number System

Binary Number System Fibonacci Number System
N g\ 2227 Nio| Fs Fs F, F3 FI>»

=2 (1 (8) (5) (3) (2) (1)
O O O 0 0 0 O O O O 0
1 0 0 0 1 1 0 0 0 0 1
2 0 0 1 0 2 0 O 0 1 0
3 0 0 1 1 2 O 0 1 0 0
4 0 1 0 0 4 0 0 1 0 1
5 0 1 0 1 5 0 1 0 0 0
6 0 1 1 0 6 0 1 0 0 1
7 0 1 1 1 7 0 1 0 1 O
8 1 0 O o) 8 1 0 0 0 0
) 1 0 0 1 9 | 0 0 0 1
10 1 0 1 0 10 1 0 0 1 0
il 1 0 1 1 11 1 0 1) o) 0
12 1 1 0 0 12 1 0 1 0 1

Motivations — Penrose Tiling: a Primer — Sampling System Fundamentals — System Summary — Results — Conclusio50



Fibonacci Number System

(00001)r = 1, (00010)r = 2, (00100)p = 3,
(00101)p = 4, (01000)r = 5, (01001)p= 6,
(01010)p = 7, (10000)r = 8, (10001)p= O,
(10010) = 10, (10100)p = 11, (10101)p = 12.

2 20 10010

P00010, 101010

7 10

010100 13001010 010010
100000 101001 01000

16 3 8 1 6

00100 000100 040000 000001 001001

18 14

101000
5 42 100001
003000 30103

Pentagonal
Tiles Only

19 9
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Fibonacci Number System

lteration 5

lteration 4

2 20 10010

$00010, 101010

7 10

13001010 010010

19 9

010100
101001 01000

16 3 8 1 6

00100 900100 10000 000001 001001

18 14

101000 12 100001
001000 010101

100000

6

0001 1001
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Fibonacci Number System

Thresholding

376
253 143

369 136
246

F-codes, in range [1..376]
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311 180

‘ 358 125

235
376

253 143 282 ‘ 57

198 104 201 292
337

‘ 159 86 303 ‘

264 368
173 118 230 277 135

369 136 351 . 99 . 245

246

. 68 186 211

212 317 131 241 63
364 298

Thresholding at value = 50



Fibonacci Number System

Thresholding

376
253 143

369 136
246

F-codes, in range [1..376]

311 180 271

“ @
® 0 -:_ =0

235

253 143

369 136 351 .
246
154 332
® o -
212 317 131 241 .

322 364 298

Thresholding at value = 100
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Fibonacci Number System
Thresholding

364

F-codes, in range [1..376] Thresholding at value = 200

Motivations — Penrose Tiling: a Primer — Sampling System Fundamentals — System Summary — Results — Conclusio§d



IvVISIion

Adaptive Subd

Importance
Density Function

'A RN

/%

G

AN 207N

V’ /| lﬁwwaw.mwgmwmw S
> e
e AN

SONCEHEDS
AN

zasd

VA
R
A=

P ANy
i
RO

/¥
2

DS S
SN

RANNS S

7]
iﬁw‘
AN

5

S INAA DD
NN,
N Vo

/
UL O]

T
0N
Vi

N7

>

X

>

20

>

7|
Y
\ﬂA

N2
ZENCK

W

RS
.V\Avfh' <> vtL <X vdt
ZNINAS A
NS P

NS SN
NN AR
R OXREQACCIN)

NN NN NN NANZNRZNA

A
\
o

w
S Srllsr S Uer()sy SE()sr
NN mw»@&mw@u»’““g&
DS ARIRADSE
AN SR OSINN S
44Awwvﬂﬂﬂﬁﬂﬂv

SRR

S
AN
VAW’\

N

2R
N7

Vi

S
17

R 2K

‘»ﬂvﬂv > SO
& P SN,
.iw RZNZER

s
< .lv’\v ‘JA

A\,
BENK
SRy
vA.v

NZ

V%,
W)

AV,

VS

|\

AT

RPN
SRR wvwﬁvAvJ)
SaVE SURDAL T N
AR AREIRIADZAR

Z]
NI INATHSINAAHAINK

&7

P S s Sl e SV ol P, QU S v S S

25> i;“‘ﬂv'ld‘ 7> \‘A\WA vﬂh"’ IS
NN DR DN
ﬂﬂ\u»ﬂﬂhﬂv%‘ﬁ%&-‘(ﬂﬂ(ﬂﬂ\\ﬂ QNS

<>

NANNANINNZNNZNZNNANZNNANNZANZNN

S

KRR DKL
KRR SRR RN
RIS PP D]
IR A RIS
BN SRS
RS Zsa
Aﬂ" V1IN I Lﬂ

K

RN
W(l» Av’ <>

NN
DS DNED?

IR

NN IR
BRI M
ﬂﬁmwmﬁw‘&mymwﬁ RN
s SV S e SV
N NN NN RN
4

PN

A L

IR
QZEVAiHWAv« AT

N
& J»ﬁv«nﬁhn

&

/l

TS

<

NG

PV
N S S
SNSIVANASNAN NN iﬂﬂ-&%‘ﬂﬂ NZNANNZANN

SIS

&7

M-Aw\A «nﬂf»éﬂu» &
SNSRI NEALE?
) ) SRR
RS P BB

NSNS NS DINEK

IR OREIRORES
S A A s R AR A
k .ﬂ!ﬂv)wu‘\ﬂﬂv A NZNIRSAN
T
VSN AN,
RIS
=

A3

OSBRI

SRR

ANASEX

D

)

<>
X NSRS

Sl
N>
AN s SN

e >
T ST

NSRS
SRS DZAHSKPEASN X Z
NN AR RERAR N7

NS
PN s d By sV

NCENANNANNNZNA

innvvﬂu\anvﬂ

RIS

e Wﬂhmmpwﬂ- mammw.vw» RN

NN OREERE
EEE

SNA
ina:ﬂam(«wmv&w RO RO ORADRE
<)
NS ORI DL

<= <o

S PRI
AR RN
ARSI z N Wvﬂv“;

A I Iz

RSP .ﬂﬂa%‘ ) @ma%‘ N
RSO O ESOR RO
AN “l‘« ‘4' " v’\ ‘l

‘ |
DRIV REIRS

i s
Qﬁ»ﬂvﬁv Avﬂu &7 7
IRV

MRS NIRIEDIRE
SNATA BONCERINIEN
B O S
2 RN AANSH A NSINSH RN

NS

AN A NTANTAPZ NN
S Sl

>

]

Adaptive

Non-adaptive

56

Sampling System Fundamentals



Adaptive Subdivision
AMz) =loge(z) +C

o frglaex )\(mag ' 1(377 y))_l

Importance Density Function
I(z,y) A (2, y))]
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Adaptive Subdivision
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Corrective Vectors
Lookup table
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Corrective Vectors
Lookup table
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Corrective Vectors
Lookup table

Before Correction After Correction
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Offline Lloyd’s Relaxation:
init pts + basis frames
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Offline Lloyd’s Relaxation:
init pts + basis frames
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Offline Lloyd’s Relaxation:
iter 1




Offline Lloyd’s Relaxation:
iter 2
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Offline Lloyd’s Relaxation:
iter 3
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Offline Lloyd’s Relaxation:
iter 4
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Offline Lloyd’s Relaxation:
iter 5
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Offline Lloyd’s Relaxation:
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Offline Lloyd’s Relaxation:
iter 8
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Offline Lloyd’s Relaxation:
iter 10
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Offline Lloyd’s Relaxation:
iter 11
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Offline Lloyd’s Relaxation:
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Corrective Vectors
Lookup Table
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Corrective Vectors Lookup Table

6 most-significant bits in F-code
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Corrective Vectors Lookup Table
Structural Indices (i)

F-code:
00100000000010

6 most-significant bits:
001000

Decimal value: 5
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Corrective Vectors Lookup Table
Structural Indices (i)
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Corrective Vectors
Lookup Table

[nlexml\ Index n
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Corrective Vectors Lookup Table
Importance Indices ( i, )

Azx) = |09¢2(\/g - )

Levels
[S— (\9) (98] ~ 9,1 (@)Y

Subdivision

Importance
Value

3 813 21 34 55 89 144

Y(x) = AM(x) mod 1 = (Iog¢2 V5 - 2) mod 1

1
0.8
0.6

0.4

Normalized

Reference
Subdivision Level

0.2
Importance

Value

- —

3 813 21 RY) 55 89 144 83




Corrective Vectors Lookup Table
Importance Indices ( i, )

iy = |n-Y(mag - I(x,y))]

Y(x) = (Iog¢2 V5 - z) mod 1

0.8
0.6

0.4

Normalized

Reference
Subdivision Level

0.2

------ - —

3 813 21 RY) 55 89 144



System Summary
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System Summary

Sampled density function
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System Summary
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System Summary
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System Summary
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System Summary

Corrective Vectors
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System Summary

Final Sampling
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SIGGRAPHZ004

Case Study:
Environment Map Sampling



Results

Image credits: Paul Debevec
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Results

Timings
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Polyominoes-based Sampling
System [SIGGRAPH’2007]

ConclusiofQ0



Penrose tiling vs. Polyomino-based
sampling
Penrose tiling Polyominoes

* Deterministic production
[-X5

Deterministic production
rules

* Digital code attriutes:
integers in base

F-code attributes: integers
in Fibonacci Number

System *  Structural indices: local

Structural indices: local geometrical neighborhoods

geometrical neighborhoods - Simple lookup table-based

Simple lookup table-based run-time algorithm

run-time algorithm

* Less residual picks in

Improve- Fourier amplitude spectrum

ment

* Structure aligned with
square grid
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Polyominoes
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Monomino Domino
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Rectifiable polyominoes
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Self-similar (A-rep) rectifiable
polyominoes, or reptiles

9%-rep or 81-rep G-hexominoes
Area scaling factor A = 92 = 81
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A-rep rectifiable polyominoes, or reptiles
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= Unique production rule

According to “Tilings and
Patterns” [Grunbaum &
Shephard ‘86]

* Fills the entire plane
non-periodically

* Self-similarity

Infinite plane
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81-rep G-hexominoes

Different neighborhoods

=» Problem of finding
geometrical neighborhoods
(structural indices)

Infinite plane 106



Apparent Chaos
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Different colors
Different neighborhoods

Different structural indices
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Finding structural indices
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Finding structural indices
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Finding structural indices
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Finding structural indices
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Finding structural indices
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Optimization

160 111110
263

33— 34 128129130 132 106 157
131 108

7
28 | 29 155
30 37 32

4
19 [ 20
21422 |23 24 154

293 43 15 123
18 124 1531109

DecomPOSition process: 22114 . 16 1712 . 121

291 7 116
9 |10
290 5

1 3 8
4

Production rules 362289 363 pa 201202142 [ 159

Structural indices characterize local geometrical
neighborhoods

Mapping of structural indices (finite number)

=> Tiles with similar geometrical neighborhoods
(structural indices) behave similarly
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Optimization |
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Optimization |
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Optimization |

Relaxation
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Optimization |

Relaxation
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Optimization |

Relaxation
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Optimization |

Relaxation
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Optimization |

Black: final result
after 10 relaxations
Blue: immovable dots
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Optimization in two phases

Optimization I: finding optimal
position of the sampling point
within each polyomino, for
constant density

N To e I T L
e LT e

e
-

Ref: “The Void-and-cluster Method for Dither Array Generation” [Ulichney’93]
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Optimization ll-ranking

81-rep G-hexominoes
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Optimization ll-ranking
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Optimization ll-ranking
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Optimization ll-ranking
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Optimization ll-ranking
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Optimization ll-ranking
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Optimization ll-ranking
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Optimization ll-ranking

one octave

Low ranks High ranks 136



Optimization ll-ranking

( one octave >|

Low ranks: AR TR High ranks:
almost-optimal sl e almost-optimal
distribution distribution

Mid-octave:
suboptimal distribution
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Optimization ll-relaxation

ne octave )I

138



Run-time pseudo-code

ADAPTIVESAMP(P of type polyomino)

> Structure polyomino contains the fields:
> structurallndex

> LOS: level of subdivision

>  refPoint

>  v1, vp: polyomino’s basis vectors

> code: used for computing threshold

local _LOS +— GETMAXLOSWITHINPOLYOMINO(p)
if p.LOS > local _LOS

then > Terminal: no need for more subdivisions
local _importance < GETLOCALIMPORTANCE(p)
threshold < INTEGERINBASE® (p.code)
if local_importance > threshold
then > Output selected sample
limp +— GETIMPORTANCEINDEX (local_importance)
{k1,ka} < lut[p.structurallndex,ijp,)
position < p.refPoint + ki x p.vi +kp x p.vo
OUTPUTS AMPLE(position)
return
else > Need more subdivisions
{p1,---,Pz} < SUBDIVIDEUSINGPRODUCTIONRULES(p)
return { ADAPTIVESAMP(p1),..., ADAPTIVESAMP(p/)}
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Run-time pseudo-code

ADAPTIVESAMP(P of type polyomino)

> Structure polyomino contains the fields:
> structurallndex

> LOS: level of subdivision

>  refPoint

>  v1, vp: polyomino’s basis vectors

> code: used for computing threshold

local _LOS +— GETMAXLOSWITHINPOLYOMINO(p)
if p.LOS > local LOS

then > Terminal: no need for more subdivisions
local _importance < GETLOCALIMPORTANCE(p)
threshold < INTEGERINBASE. (p.code)
if local_importance > threshold
then > Output selected sample
limp +— GETIMPORTANCEINDEX (local_importance)
{k1,ka} < lut[p.structurallndex,ip,)
position < p.refPoint + ki * p.vi +kp x p.vo
OUTPUTS AMPLE(position)
return
else > Need more subdivisions
{p1,---,Pz} < SUBDIVIDEUSINGPRODUCTIONRULES(p)
return { ADAPTIVESAMP(p1),..., ADAPTIVESAMP(p/)}
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Results — constant density
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Results — variable density

Importance Image
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Results — comparison with other
methods

f s
Corner S g T Boundary
Wang Tiling e Sampling

Penrose

Tiling

Recursive

Wang Tiling
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Sampling on a sphere

HEALPIx spherical mapping [Gorski et al. 2005]
* 12 Equiareal high-level quads

* Jacobian-preserving mapping
— Subdivision into equiareal quads
* Low distortion




Sampling on a sphere

Pentominoes with two subdivision rules

Square patches of 20 pentominoes on 10x10 squares
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Sampling on a sphere

Pentominoes on 12 HEALPIx quads

10x10 grid 20 pentominoes 20 pentominoes
on each quad on a 10x10 square on each quad
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Sampling on a sphere

Subdivision and optimization

Level 1 Level 2 Level 2
(after one subdivision) (dots only)
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Sampling on a sphere

An arbitrary importance (spot) function
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Further Improvement of the Spectrum
(WIP)

[Ostromoukhov et al. 2004 ] [Kopf et al. 2006] [Ostromoukhov 2007] Ours
1 024 samples per tile
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Further Improvement of the Spectrum
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Figure 1: Comparison of tiling used in tile-based sampling methods. From left to right: Penrose tiles, polyominoes, regular hexagonal tiles, irregular hextiles h
(§ 2.2), regular trihexes t (§ 3.1), and our choice of tile (irregular trihexes on t, § 3). Top row: tiling with their tile centroids, bottom row: Fourier spectra of
centroid distributions. The right part of each spectrum contains circled marks to point out peaks of size 0.2 and above (for a DC value of 1).
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Building Blocks

prototiles subdivision rules

S

secfegol

QG ~

83055?%0 t Pk
a

(b)

Figure 4: (a) 11 configurations of trihexes on H. (b) The library of sub-
division rules {t — T}, where the quasi-trihex associated with t after
subdivision is partitioned into a set of \ trihexes.
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Building Blocks

@ >

Figure 2: Quasi-hexagonal tiles. (a) The unbounded, regular hexagonal
lattice H. (b) The unbounded, quasi-hexagonal lattice H. Mention A and hh.
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Building Blocks

asg apgl ¢p €1 €2 C3

(b)

Figure 3: Effect of edge modifiers. From a set of hextiles h; and random
valid edge modifiers (a), a set of irregular tiles h; in H is obtained (b) which
maintains the topology of the initial tiling as well as each tile’s area.
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Building Blocks

irregular trihexes (partial) subdivision rules
&y

& &G

5 o

(a) (b)

Figure 7: (a) Examples of irregular trihexes in ‘T (11 out of 11.\ are shown).
(b) The library of subdivision rules {t— T} for all irregular trihexes.
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Results through our method

Original method
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Results: Qualitative Analysis

Qualitative Analysis

Memory Dlstrlbutlon Spectral
[Schiomer et al 2011] I
[de Goes etal. 2017] —poor | _sood | excellent | X

General Noise (blue noise target) | verypoor | good | good | /|
[Ostromoukhov et al. 2004] | excellent | poor | safisactory | X
TKopreral 2006] | encellem | poor | _good | X |
TOstromoukhov 2007] | excellent | _poor | good | X |
Gurs (blue noise targe) | excellent | poor | exellent ||
Ours (general nofse targe) | excellent | poor | good | 7|
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Future Challenges

Reduce Memory Footprint
Extend to Higher Dimensions

Be Able to Build an Irregular Tiling System
Approaching Required Spectral Properties
(Penrose-like Tiling)

Compact

High (Or Without) Rotational Symmetry

With Appropriate Number System
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